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In this paper we study the effect of the Generalized Uncertainty Principle (GUP) on the shadow of
GUP-modified Kerr black hole and the correspondence between the shadow radius and the real part
of the quasinormal modes (QNMs). We find that the shadow curvature radius of the GUP-modfied
Kerr black hole is bigger compared to the Kerr vacuum solution and increases linearly monotoni-
cally with the increase of the GUP parameter. We then investigate the characteristic points of intrinsic
curvature of the shadow from a topological point of view to calculate the the angular size for these
curvature radii of the shadow. To this end, we have used the EHT data for the M87* black hole to con-
strain the upper limits of the GUP parameter. Finally, we have explored the connection between the
shadow radius and the scalar/electromagnetic/gravitational QNMs. The GUP-modified Kerr black
hole is also used to provide perfect curve fitting of the particle oscillation upper and lower frequen-
cies to the observed frequencies for three microquasars and to restrict the values of the correction
parameter in the metric of the modified black hole to very reasonable bounds.
I. INTRODUCTION
Numerous geometrical and mathematical investiga-
tions concerning the interior regions of black hole sug-
gest that not only general relativity but also quantum
mechanics (more generally, known laws of physics)
break down at the singularity. However, an amalga-
mation of general relativity and quantum mechanics or
quantum gravity can predict novel features of black hole
near the Planck length scale. Since the Heisenberg un-
certainty principle (HUP) is not valid in its apparent
form in the strong gravity, this law of physics gets grav-
itational corrections to investigate physics near high en-
ergy or short distance scales. In literatures, there are
several versions of GUP from the HUP which are based
either from some model of quantum gravity such as
string theory, loop quantum gravity or phenomenology
[1]. The well-known HUP obeys the following rule be-
tween the position and momentum operators: [x, p] =
ih¯, while the generalizations are proposed to include
linear and quadratic terms in momentum as follows:
[x, p] = ih¯(1− 2βp + 4β2 p2) [2, 3].
A prediction using GUP considerations is that it can
prevent the black hole evaporation completely near the
Planck scale [4]. The backreaction effects involving the
interaction of photons with electrons might stop the pro-
cess of black hole evaporation as soon as the Planck
mass is reached. The model proposes that the quantum
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gravity effects lead to the formation of black remnant
[5, 6]. If the remnants exist in significant number in the
universe than they can be a candidate of dark matter as
well. The final remnant has a structure with a degener-
ate, extremal, horizon of radius of the order of the min-
imal length [7]. The Hawking temperature of the black
hole horizons gets GUP corrections which are meaning-
ful only when black hole mass is greater than Planck
mass otherwise the temperature gets imaginary. Thus
the maximum possible black hole temperature is associ-
ated with the Planck scale.
An implication of GUP is that the ADM mass of black
hole is modified asM = M+ βM2p/M2, where M is the
bare mass of the black hole, Mp is the Planck mass while
β > 0 is a constant [17]. The authors proposed and
analyzed the GUP corrected Schwarzscild, Reissner-
Nordstrom and Kerr spacetimes. They showed that for
a given value of β, there exists a critical charge and a
critical spin above which the solutions bifurcate into
sub-Planckian and super-Planckian phases, separated
by a mass gap in which no black holes can form. In
literature, an upper bound on the GUP parameter is
obtained using the data of the shadow of M87* central
black hole [9]. By relating the GUP parameter with
the deviation from the circularity of M87* black hole
shadow, it is shown that β < 1090. To achieve this
numerical value, the author employed a model of Kerr
de Sitter black hole with a regular interior. Our objective
is to constrain the parameter β appearing in the GUP
corrected Kerr metric by making comparisons with
the black hole shadow and quasi-periodic oscillations
(QPOs).
ar
X
iv
:2
00
8.
09
11
5v
1 
 [g
r-q
c] 
 20
 A
ug
 20
20
2The paper is structured as follows: In Sec. II, a brief
review of GUP-modified Kerr black hole is presented. In
Sec. III, we study the shadow of the GUP-modified Kerr
black hole. In Sec. IV, we consider the observational con-
straint of the GUP. In Sec. V, we investigate the connec-
tion between quasinormal modes and the shadow ra-
dius. In Sec. VI, we study the quasi-periodic oscillations
(QPOs) to constraint GUP. Finally in Sec. VII, we com-
ment on our results. We choose the units c = h¯ = G = 1
and occasionally set Planck mass to unity.
II. GUP-MODIFICATION OF KERR BLACK HOLES
Recently the GUP-modified Kerr metric has been pro-
posed in Ref. [17]. To do so, we can start with the Kerr
line element [17]
ds2 = −
(
1− rSr
ρ2
)
dt2 +
Σ2
∆
dr2 − 2rSra sin
2 θ
Σ2
dt dφ
+ Σ2 dθ2 +
(
r2 + a2 +
rS r a2
Σ2
sin2 θ
)
sin2 θ dφ2 (1)
where r is the spheroidal radial coordinate along with
rS = 2M, a = JM , Σ
2 = r2 + a2 cos2 θ, ∆ = r2− rSr+ a2 .
(2)
Then to find the GUP corrected metric, we need to re-
place the black hole mass by the following transforma-
tion [17]
M→ M + β
2M
. (3)
In that case, we have the following relations
rS = 2M
(
1+
β
2M2
)
= 2Mζ−1, (4)
a = a
(
1+
β
2M2
)−1
= aζ, (5)
∆ = r2 − 2Mζ−1r + a2ζ2, (6)
where we have defined
ζ =
(
1+
β
2M2
)−1
. (7)
In order to find the contour of a black hole shadow, we
need to separate the null geodesic equations in the gen-
eral rotating spacetime metric (1) using the Hamilton-
Jacobi equation given by
∂S
∂σ
= −1
2
gµν
∂S
∂xµ
∂S
∂xν
, (8)
where σ is the affine parameter, S is the Jacobi action.
For this purpose we can express the action in terms of
known constants of the motion as follows
S = 1
2
µ2σ− Et + lφ+ Sr(r) + Sθ(θ), (9)
in the last equation µ represents the mass of the test par-
ticle, E = −pt gives the conserved energy and, l = pφ is
the conserved angular momentum, respectively. After
we take µ = 0, one can obtain the following equations
of motion for the light rays
Σ
dt
dλ
= aζ(l − aζE sin2 θ) + r
2 + a2ζ2
∆
[
E (r2 + a2ζ2)− aζ l
]
,
Σ
dr
dλ
= ±
√
<,
Σ
dθ
dλ
= ±
√
Θ,
Σ
dφ
dλ
= (l csc2 θ − aζ E) + aζ
∆
[
E(r2 + a2ζ2)− aζ l
]
, (10)
where σ is the affine parameter, l is the angular momen-
tum of the photon, E is the energy of the photon and K
is the Carter constant. In addition we have introduced
< =
(
a2ζ2 E− aζ l + E r2
)2 − ∆ [K+ (l − aζ E)2] ,(11)
Θ = K− (l csc θ − aζ E sin θ)2 + (l − aζ E)2. (12)
Next, we can determine the size and shape the black
hole shadow by using the unstable circular photon or-
bits given by the following conditions
<(r) = 0, d<(r)
dr
= 0,
d2<(r)
dr2
> 0. (13)
By using this condition the circular orbit radius rph of
the photon can be obtained and the parameters ξ ≡ l/E
and η ≡ K/E2 can thus be expressed as where X(r) =
(r2 + a2ζ2), and ∆(r) is defined by Eq. (6), while K is
known as the Carter separation constant. From these
conditions one can show that the motion of the photon
can be determined by the following two impact param-
eters
ξ =
Xph∆′ph − 2∆phX′ph
aζ∆′ph
, (14)
η =
4a2ζ2X′2ph∆ph −
[(
Xph − a2ζ2
)
∆′ph − 2X′ph∆ph
]2
a2ζ2∆′2ph
.
One constraint for the value of the photon’s circular
orbit radius is <(rph) > 0. As we know, the shape of the
shadow seen by an observer located at spatial infinity
can be obtained from the geodesics of the photons and
described by the celestial coordinates
x = −ξ csc θ0, (15)
y = ±
√
η + a2ζ2 cos2 θ0 − ξ2 cot2 θ0, (16)
In Fig. 2 we plot the shape of the shadow by varying
the GUP parameter. In our plots we are going to use
an inclination angle θ0 = 170. This angle has been ob-
tained by studying the emission jet from the black hole
(see [19]). We observe that an increase of the parameter
3FIG. 1: The shape of shadow and the characteristic points of
intrinsic curvature of the shadow (picture adopted from the
Ref. [18]).
β, increases the shadow radius. Thus, in general, for any
β ≥ 0, the shadow of GUP-modified black hole is bigger
compared to the Kerr vacuum black hole.
As we already pointed out, the pattern of a shadow is
characterized by its boundary, a one-dimensional curve.
Therefore, by determining the nature of the curve, we
can obtain the basic properties of a given black hole.
In Ref. [18], authors studied the shadow from a view-
point of topology, namely they introduced the length
λs(length of the boundary of the shadow) and the lo-
cal curvature radius R of the shadow. For the black
hole the shape is a two-dimensional dark region (whose
boundary is topologically the same as a closed circle),
whereas it is a one-dimensional dark arc for the singu-
larity. Note that the boundary of each shadow has a Z2
symmetry. If we parametrize the celestial coordinates
by the radius of the circular unstable photon orbit i.e.,
x = y(r0) and y = y(r0) [where r0 is determined by
solving y(rA,B) = 0], then the local curvature radius can
also be expressed in terms of r0 (see for more details,
[18])
R =
64M1/2(r30 − a2r0 cos2 θ0)3/2
[
r0(r20 − 3Mr0 + 3M2)− a2M2
]
(r0 −M)3
[
3(8r40 − a4 − 8a2r20)− 4a2(6r20 + a2) cos(2θ0)− a4 cos(4θ0)
] , (17)
We can therefore introduce the GUP effects, if we use the scaling
M→ Mζ−1, a→ aζ, (18)
to obtain the following result for the local curvature radius
R =
64M1/2ζ−1/2(r30 − a2ζ2r0 cos2 θ0)3/2
[
r0(r20 − 3Mζ−1r0 + 3M2ζ−2)− a2M2
]
(r0 −Mζ−1)3
[
3(8r40 − a4ζ4 − 8a2ζ2r20)− 4a2ζ2(6r20 + a2ζ2) cos(2θ0)− a4ζ4 cos(4θ0)
] . (19)
In what follows, we are going to use the last equa-
tion to evaluate the intrinsic curvature of the shadow in
three characteristic points: D, R and T, respectively. In
particular, we are going to compute the horizontal and
the vertical angular size for these curvature radii of the
shadow, noted as ∆x and ∆y, respectively. In Fig. 3 and
Fig. 4, we show the plots the local curvature and the
angular size for these curvature radii of the shadow as
a function of β by fixing θ0 and a. We see that the local
curvature monotonically increases with the increase of
β.
III. OBSERVATIONAL CONSTRAINTS
In this section we can use the reported angular size
of the shadow in the M87* center detected by the EHT
given by θs = (42 ± 3)µas, along with the distance to
M87 given by D = 16.8 Mpc, and the mass of M87 cen-
tral object M = 6.5× 109 M, to constrain the GUP pa-
rameter. To do so, we are going to consider two cases:
a) In the first case, we identify the the diameter of the
shadow in units of mass dM87 with the horizontal angu-
lar size ∆x.
b) In the second case, we identify the diameter of the
shadow in units of mass dM87 with the vertical angular
size ∆y. Using the above EHT result, we can write [48]
dM87 =
D θs
M
= 11.0± 1.5. (20)
This means that within 1σ confidence we have the in-
terval 9.5 . dM87 . 12.5, whereas within 2σ uncertain-
ties we have 8 . dM87 . 14 [48]. In Fig. 5 we show
the regions of parameter space of the diameter of the
shadow and the GUP parameter β for two cases. In the
first case, within 1σ confidence, we find an upper limit
of the GUP parameter β/M2 . 0.77. On the other hand,
within 2σ confidence, we find an upper limit β/M2 .
0.49 In the second case, we can identify the diameter of
the shadow in units of mass dM87 with the vertical angu-
lar size ∆y. Here we find similar results, namely within
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FIG. 2: The shape of shadow for the GUP-modified Kerr BH using the inclination angle θ0 = 170 for different values of β and a.
We have set M = 1 in all cases. Note that a has units of M, while β has units of M2.
1σ confidence, we find the upper limit to be β/M2 . 0.5.
On the other hand, within 2σ confidence, we find the in-
terval β/M2 . 0.78. Notice also that we rule out nega-
tive values of β. In other words, these results are in good
agreement. This means that within 2σ, we have the up-
per and lower limit of the GUP parameter in terms of the
interval 0 . β/M2 . 0.78. The GUP parameter has been
estimated to be β/M2 < 0.78, but measured in units of
black hole mass squared. In order β to be dimensionless,
we need to restore the Planck mass [MP = 2.2× 10−5 g],
this means β . 0.78×M2/M2P. For the M87* black hole
mass if we take 6.5× 109M, we obtain a upper bound
β . 2.7× 1095. Since this quantity scales with the black
hole mass, we see that as the black hole mass decreases,
this bound should decrease as well. That’s why quan-
tum systems are better in constraining GUP. For primor-
dial black holes we can take the mass about 1015 g and
obtain β . 1.6× 1039. According to GUP, there should
be some final size or so called remnant mass where the
Hawking evaporation stops in such case the black hole
mass is of the order of Planck mass, hence β . 0.78.
IV. CONNECTION BETWEEN SHADOW RADIUS AND
QNMS
In this section we are going to investigate the corre-
spondence between the radius of the black hole shadow
and the real part of the QNMs frequency. Before that,
let us recall that the real part of the the QNMs frequen-
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FIG. 3: The plots the local curvatures of the shadow as a function of β for the three points: R, D, and T. We have set M = 1,
a/M = 0.95 and θ0 = 170.
cies is related to the angular velocity of the unstable null
geodesic in the eikonal limit [30]
ωQNM = Ωcl − i
(
n +
1
2
)
|λ|, (21)
here Ωc is the angular velocity at the unstable null
geodesic, and λ is the Lyapunov exponent which deter-
mines the instability time scale of the orbits. Recently,
one of the authors of this paper pointed out that the
following relation relates the real part of the QNMs fre-
quencies and the shadow radius (see for details [40, 42])
ω< = lim
l1
l
Rs
, (22)
which is precise only in the eikonal limit having large
values of multipole number l. Here Rs denotes the ra-
dius of the black hole shadow. Hence, we can quickly
rewrite the expression (21) as
ωQNM = lim
l1
l
Rs
− i
(
n +
1
2
)
|λ|. (23)
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FIG. 4: The shape of shadow for the GUP corrected Kerr BH using the inclination angle θ0 = 170 for different values of β and a.
We have set M = 1.
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The importance of this correspondence relies on the
fact that the shadow radius represents an observable
quantity which can be measured in astronomical mea-
surements. Therefore, it provides an alternative way to
evaluate the real part of the QNMs frequencies in terms
of the black hole shadow radius. Sometimes the inverse
problem may be more effective, namely we can deter-
mine the shadow radius once having the oscillating fre-
quency of the black hole without involving the standard
geodesic method.
This close connection could be understood from the
fact that the gravitational waves can be treated as mass-
less particles propagating along the last null unstable or-
bit and out to infinity. In in the eikonal limit, this corre-
spondence suggest that scalar, electromagnetic, and the
gravitational field perturbations have the same behav-
ior. This property is of course lost in the limit of small
l.
Given the fact that the relation (22) is very accurate
only for large l, this relation can provide valuable infor-
mation even for small l. To illustrate this fact, we can
use the correspondence between the shadow radius of
the black hole and the real part of QNMs to sub-leading
regime to half of its value reported recently in Ref. [45]
ω< = R−1s
(
l +
1
2
)
. (24)
From the last equation it is clear that at high angular mo-
7l = 1, n = 0 l = 2, n = 0 l = 3, n = 0 l = 4, n = 0
β/M2 ω< ω< ω< ω< Rs[M]
0 0.288675 0.481125 0.673575 0.866025 3
√
3
0.1 0.274929 0.458214 0.641500 0.824786 5.45596
0.2 0.262432 0.437387 0.612341 0.787296 5.71577
0.3 0.251022 0.418370 0.585718 0.753066 5.97558
0.4 0.240563 0.400938 0.561313 0.721688 6.23538
TABLE I: Numerical values for the shadow radius and the real part of QNMs obtained via Eq. (24).
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FIG. 6: Left panel: The real part of QNMs as a function of β for a given l. Right panel: The real part of QNMs as a function of l
for a fixed β.
mentum regime, i.e. l >> 1, Eq. (22) is obtained. Again,
we should keep in mind that the above correspondence
is accurate in the eikonal regime, but sometimes it is
still accurate even for small multipole number l. The
shadow radius for the our GUP corrected black hole in
the static case reads
Rs = 3
√
3M
(
1+
β
2M2
)
, (25)
thus we can find ω< from Eq. (24). In Table I we show
the numerical values for the real part of QNMs obtained
from the shadow radius. It is observed that the fre-
quency decreases with the increase of β. In what follows
we shall compare the above results with the results ob-
tained via the WKB method.
A. Scalar field perturbations
Let us consider the equation of motion for a massless
scalar field described by the Klein-Gordon equation in
the background of the curve spacetime written as fol-
lows
1√−g∂µ
(√−g gµν ∂νΦ) = 0. (26)
Here Φ represents the massless scalar field and it is a
function of coordinates (t, r, θ, φ). We further consider
an ansatz of the scalar field
Φ(t, r, θ, φ) =∑
lm
e−iωt Ψl(r)
r
Ylm(r, θ), (27)
where e−iωt represents the time evolution of the field
and Ylm(r, θ) denotes the spherical harmonics function.
Plunging the ansatz (27) into (26) and applying the sep-
aration of variables method, we obtain the standard
Schro¨dinger-like wave equations
d2Ψl(r∗)
dr2∗
+
(
ω2 −Vs(r∗)
)
Ψl(r∗) = 0, (28)
8where ω is the frequency of the perturbation and r∗ rep-
resents the tortoise coordinates having the relation
dr∗ =
dr
f (r)
⇒ r∗ =
∫ dr
f (r)
. (29)
The advantage of using the tortoise coordinates here is
to extend the range used in a survey of the QNMs. The
tortoise coordinate is being mapped the semi-infinite re-
gion from the horizon to infinity into (−∞,+∞) region.
The effective potential in gives
Vs(r∗) =
[
1− 2M
r
(
1+
β
2M2
)]
×
[
l(l + 1)
r2
+
2M
r3
(
1+
β
2M2
)]
(30)
where l denotes the multipole number. On having the
expression of the effective potential we can apply the
WKB approach to compute the QNMs due to the scalar
field perturbations. In the present work, we are going
to consider the sixth-order WKB method developed by
Konoplya [24]. Our results show that an increase of β,
decreases the real part of QNMs (cf. Table II). This indi-
cates that the scalar field perturbations in a GUP mod-
ified black hole oscillate more slowly compared to the
Schwarzschild vacuum black holes.
B. Electromagnetic field perturbations
In the case of the electromagnetic field perturbations
we have the field equation
1√−g∂µ
[√−g gλµ gσν (∂λAσ − ∂σAλ)] = 0. (31)
Without going into details, after we substitute all related
expressions into (31) and using the standard tortoise co-
ordinate transformation dr∗ = dr/ f (r) yielding the ef-
fective potential
VE(r) =
[
1− 2M
r
(
1+
β
2M2
)]
l(l + 1)
r2
. (32)
In Table III we show the numerical results obtained
via WKB method. Similarly to the previous case, the
real part of QNMs decreases.
C. Gravitational field perturbations
Our final example will be the study of gravitational
field perturbations. Before applying the WKB method,
we recall that the general form of the perturbed metric
can be written as
ds2 = −e2νdt2 + e2ψ(dφ− σdt− qrdr− qθdθ)2
+ e−2µ2 dr2 + e−2µ3 dθ2, (33)
with e2ν = e2µ2 = f (r), e2µ3 = r2, e2ψ = r2 sin2 θ and
σ = qr = qθ = 0 for non-perturbed case. The perturba-
tions will lead to non-vanishing values of σ, qr, qθ and in-
crements in ν, µ2, µ3,ψ, which are corresponding to ax-
ial and polar perturbations, respectively. Here we shall
consider the axial type ones. The perturbation equation
reads
r4
∂
∂r
( f (r)
r2
∂Q
∂r
)
+ sin3 θ
∂
∂θ
( 1
sin3 θ
∂Q
∂θ
)
− r
2
f (r)
∂2Q
∂t2
= 0,
(34)
where
Q(t, r, θ) = eiωtQ(r, θ),
Q(r, θ) = r2 f (r) sin3 θQrθ ,
Qrθ = qr,θ − qθ,r. (35)
Further with Q(r, θ) = rΨ(r)C−2/3l+2 , it can be reduced to
Schrodinger wave-like equations:
d2Ψ
dr2∗
+ [ω2 −VG(r)]Ψ = 0, dr∗ = f (r)dr, (36)
for gravitational field Ψ. The effective potentials take
the form as:
VG(r) =
[
1− 2M
r
(
1+
β
2M2
)] [ l(l + 1)
r2
− 6M
r3
(
1+
β
2M2
) ]
. (37)
In Table IV, we show the effect of GUP parameter on
QNMs frequencies. Note that the oscillation frequency
f depend on the black hole parameters by converting
the frequencies calculated in geometrical units into kHz,
one should multiply ω by 2pi (5.142kHz)M/M. For
example, the first gravitational quasinormal mode fre-
quency of a Schwarzschild black hole corresponds to the
fundamental n = 0 quadrupole l = 2 mode and it is
ω M ' 0.3736 − 0.089 i, where we measure in units if
the black hole mass M = 1. For a black hole of 10 solar
masses for β/M2 = {0, 0.1, 0.2, 0.3, 0.4} we have the os-
cillation frequency is f = {1.2, 1.16, 1.12, 1.08, 1.04} kHz.
This shows that the oscillation frequency due to the GUP
effect indeed decreases.
9l = 1, n = 0 l = 2, n = 0 l = 3, n = 0 l = 4, n = 0
β/M2 ω (WKB) ω (WKB) ω (WKB) ω (WKB)
0 0.29291 - 0.0977616 i 0.483642 - 0.0967661 i 0.675366 - 0.0965006 i 0.867416 - 0.0963919 i
0.1 0.278962 - 0.0931063 i 0.460611 - 0.0921582 i 0.643206 - 0.0919053 i 0.82611 - 0.0918018 i
0.2 0.266282 - 0.0888742 i 0.439674 - 0.0879692 i 0.613969 - 0.0877278 i 0.78856 - 0.087629 i
0.3 0.254704 - 0.0850101 i 0.420558 - 0.0841444 i 0.587275 - 0.0839136 i 0.754274 - 0.083819 i
0.4 0.244091 - 0.081468 i 0.403035 - 0.0806384 i 0.562805 - 0.0804172 i 0.722846 - 0.0803266 i
TABLE II: Real and imaginary parts of the QNMs frequencies in scalar field perturbations evaluated by WKB method up to the
sixth order (M = 1).
l = 1, n = 0 l = 2, n = 0 l = 3, n = 0 l = 4, n = 0
β/M2 ω (WKB) ω (WKB) ω (WKB) ω (WKB)
0 0.248191 - 0.092637 i 0.457593 - 0.0950112 i 0.656898 - 0.0956171 i 0.853095 - 0.0958601 i
0.1 0.236373 - 0.0882257 i 0.435803 - 0.0904868 i 0.625618 - 0.0910639 i 0.812472 - 0.0912954 i
0.2 0.225629 - 0.0842155 i 0.415994 - 0.0863738 i 0.59718 - 0.0869247 i 0.775541 - 0.0871456 i
0.3 0.215819 - 0.080554 i 0.397907 - 0.0826184 i 0.571216 - 0.0831453 i 0.741822 - 0.0833566 i
0.4 0.206826 - 0.0771975 i 0.381328 - 0.079176 i 0.547415 - 0.0796809 i 0.710913 - 0.0798834 i
TABLE III: Real and imaginary parts of the QNMs frequencies in electromagnetic field perturbations evaluated by WKB
method up to the sixth order (M = 1).
l = 2, n = 0 l = 3, n = 0 l = 4, n = 0 l = 5, n = 0
β/M2 ω (WKB) ω (WKB) ω (WKB) ω (WKB)
0 0.373619 - 0.088891 i 0.599443 - 0.0927025 i 0.809178 - 0.0941641 i 1.0123 - 0.0948706 i
0.1 0.359825 - 0.0849172 i 0.573568 - 0.0884261 i 0.772668 - 0.0897598 i 0.965723 - 0.0904047 i
0.2 0.34692 - 0.0812921 i 0.549809 - 0.0845263 i 0.739299 - 0.0857488 i 0.923241 - 0.0863402 i
0.3 0.334836 - 0.0779684 i 0.527919 - 0.0809554 i 0.708684 - 0.0820807 i 0.884335 - 0.0826253 i
0.4 0.32351 - 0.0749082 i 0.507689 - 0.0776736 i 0.680497 - 0.0787133 i 0.848571 - 0.0792168 i
TABLE IV: Real and imaginary parts of the QNMs frequencies in gravitational field perturbations evaluated by WKB method
up to the sixth order (M = 1).
If we compare now the results obtained by means of
the shadow radius and the WKB method we see that
the agreement is very good even in the limit of small
l. In fact, we get better agreement for scalar field pertur-
bations than the electromagnetic perturbations. In the
limit l >> 1, the agreement become exact, i.e. eikonal
limit. This is very interesting result, having an experi-
mental result for the shadow radius of a given black hole
allows us to estimate the frequency of the gravitational
waves if the black hole is perturbed. However, some-
times it may be useful to do the opposite; namely hav-
ing an experimental result for a detected gravity wave,
allows us to estimate the shadow radius of that black
hole.
D. The case of asymptotically high overtones
It is interesting to point out the asymptotically high
overtones which corresponds to the case of overtone
number n → ∞ or at least very large. This case can be
used to explore a very interesting conjecture that links
the quasinormal modes to black hole thermodynamics.
For the Schwarzschild quasinormal modes, it has been
found by Motl [34] that
ω =
ln 3
8piM
− i
4M
(
n +
1
2
)
. (38)
One can notice easily that the real part is also related to
the Hawking temperature ω< = ln 3× TH . If we con-
sider the scaling of the mass we obtain
ω =
ln 3
8piM
(
1+
β
2M2
)−1
− i
4M
(
1+
β
2M2
)−1 (
n +
1
2
)
.
(39)
This expression can be used further to explore the ef-
fect of GUP and the connection between the quasinor-
mal modes and the black hole thermodynamics. If the
mass of a black hole is quantized, it was suggested by
Bekenstein and Mukhanov [35] that this fact would lead
to the quantization of the black hole area ∆A, one expect
the quantization to be effect by the GUP parameter.
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V. QUASI-PERIODIC OSCILLATIONS
Introducing the relevant universal constants, the met-
ric (1) takes the form
gtt = −c2
(
1− 2GMr
c2ζ(r2 + a2ζ2 cos2 θ)
)
,
gtφ = − 2aGMr sin
2 θ
c(r2 + a2ζ2 cos2 θ)
, gθθ = r2 + a2ζ2 cos2 θ,
grr =
c2ζ(r2 + a2ζ2 cos2 θ)
c2ζ(r2 + a2ζ2)− 2GMr ,
gφφ =
(
r2 + a2ζ2 +
2a2GMrζ sin2 θ
c2(r2 + a2ζ2 cos2 θ)
)
sin2 θ, (40)
where ζ is expressed in terms of the dimensionless pa-
rameter β0 as
ζ =
2
2+ β0
and β0 ≡ βM2 . (41)
Recall that for the Kerr BH ζ = 1 and β0 = 0 and that
ζ(β0) is a decreasing function of β0.
For the numerical calculations to be carried out in
this section, we take M = 1.9888× 1030 (solar mass),
G = 6.673 × 10−11 (gravitational constant), and c =
299792458 (speed of light in vacuum) all given in SI
units. These same constants will be written explicitly
in some subsequent formulas of this section.
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FIG. 7: Plot of the dimensionless radius of the circle
u = r/rg (51), where the 3/2 resonance occurs nearest the
isco, versus the dimensionless parameter β0 (41) for the the
microquasar GRO J1655-40 taking a0 = 0.70 [which is the
intermediate value (42)]. There is another increasing u(β0)
branch but concave up (not shown in this plot) which
provides higher values for u. Such a branch is not favorable
since we believe that the resonance occurs nearest the isco.
The point (β0, u) = (−0.254251, 4.1748), where the lower
νL = 300 Hz QPO and the upper νU = 450 Hz QPO occur, is
shown by the black spot.
In the power spectra of Fig. 3 of Ref. [50], we clearly
see two peaks at 300 Hz and 450 Hz, representing, re-
spectively, the possible occurrence of the lower νL = 300
5 6 7 8 9
M

M
300
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750
ΝU & ΝL HGRO J1655-40L
FIG. 8: Fitting the particle oscillation upper and lower
frequencies to the observed frequencies (in Hz) for the
microquasar GRO J1655-40 at the 3/2 resonance radius. In the
black plots the microquasar is treated as a GUP-modified
Kerr BH given by (40) with β0 = −0.254251 (ζ = 1.14564).
The upper black curve represents νU = νθ and the lower black
curve represents νL = νr with νU/νL = 3/2, and the green
curve represent the mass error band as given in (42). The
black curves cross the mass error bands ensuring a good
curve fitting. In the red plots the microquasar is treated as a
Kerr BH β0 = 0 (ζ = 1). Since the red plots do not cross the
mass error bands, a description of the astrophysical object by
a Kerr BH fails to justify the occurrence of the 3/2 resonance.
Hz quasi-periodic oscillation (QPO), and of the upper
νU = 450 Hz QPO from the Galactic microquasar GRO
J1655-40. Similar peaks have been obtained for the mi-
croquasars XTE J1550-564 and GRS 1915+105 obeying
the remarkable relation, νU/νL = 3/2 [51]. Some of the
physical quantities of these three microquasars and their
uncertainties are as follows [50, 52]:
GRO J1655-40 :
M
M
= 6.30± 0.27, a
rg
= 0.70± 0.05
νU = 450± 3 Hz, νL = 300± 5 Hz, (42)
XTE J1550-564 :
M
M
= 9.1± 0.6, a
rg
= 0.405± 0.115
νU = 276± 3 Hz, νL = 184± 5 Hz, (43)
GRS 1915+105 :
M
M
= 14.0± 4.4, a
rg
= 0.99± 0.01
νU = 168± 3 Hz, νL = 113± 5 Hz, (44)
where rg ≡ GM/c2.
These twin values of the QPOs are most certainly due
to the phenomenon of resonance which occurs in the
vicinity of the ISCO, where the in-falling particles per-
form radial and vertical oscillations around almost cir-
cular orbits. The local radial and vertical oscillations
are denoted by (Ωr, Ωθ), respectively. These two oscilla-
tions couple generally non-linearly to yield resonances
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FIG. 9: Fitting the particle oscillation upper and lower
frequencies to the observed frequencies (in Hz) for the
microquasar XTE J1550-564 at the 3/2 resonance radius. In
the black plots the microquasar is treated as a GUP-modified
Kerr BH given by (40) with β0 = −0.532673 (ζ = 1.36302).
The upper black curve represents νU = νθ and the lower black
curve represents νL = νr with νU/νL = 3/2, and the green
curve represent the mass error band as given in (43). The
black curves cross the mass error bands ensuring a good
curve fitting. In the red plots the microquasar is treated as a
Kerr BH β0 = 0 (ζ = 1). Since the red plots do not cross the
mass error bands, a description of the astrophysical object by
a Kerr BH fails to justify the occurrence of the 3/2 resonance.
in the power spectra [53, 54]. For the case of uncharged
rotating BH (Ωr, Ωθ) are given by [55] (see also [56, 57])
Ω2r ≡ (∂rΓrij − 4ΓrikΓkrj)uiuj, (i, j, k = t, φ),
Ω2θ ≡ (∂θΓθij)uiuj, (i, j = t, φ), (45)
In obtaining these expressions we assumed that the
main motion of the particle is circular in the equato-
rial plane (θ = pi/2) where the particle exhibits radial
and vertical oscillations. The circular motion is stable
only if Ω2r > 0 and Ω2θ > 0. In the equatorial plane the
four-velocity vector of the particle has only two nonzero
components uµ = (ut, 0, 0, uφ) = ut(1, 0, 0, ω), where
ω = dφ/dt is the angular velocity of the test particle.
They are related by [55]
ω =
−∂rgtφ ±
√(
∂rgtφ
)2 − ∂rgtt∂rgφφ
∂rgφφ
,
ut =
c√
− (gtt + 2∂rgtφω+ gφφω2) ,
uφ = ωut. (46)
In these expressions the summations extend over (t, φ).
It is understood that all the functions appearing in (45)
and (46) are evaluated at θ = pi/2.
The locally measured frequencies (Ωr, Ωθ) are related
to the spatially-remote observer’s frequencies (νr, νθ) by
νr =
1
2pi
1
ut
Ωr, νθ =
1
2pi
1
ut
Ωθ . (47)
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FIG. 10: Fitting the particle oscillation upper and lower
frequencies to the observed frequencies (in Hz) for the
microquasar GRS 1915+105 at the 3/2 resonance radius. In
the black plots the microquasar is treated as a GUP-modified
Kerr BH given by (40) with β0 = 0.071347 (ζ = 0.965555). The
upper black curve represents νU = νθ and the lower black
curve represents νL = νr with νU/νL = 3/2, and the green
curve represent the mass error band as given in (43). The
black curves cross the mass error bands well in the middle
ensuring a good curve fitting. In the red plots the
microquasar is treated as a Kerr BH β0 = 0 (ζ = 1). The red
plots also cross the mass error bands but at the rightmost
points. A description of the astrophysical object by a Kerr BH
does not provide a good curve fitting to justify the occurrence
of the 3/2 resonance.
Using the form (40) of the metric and introducing the
dimensionless parameters y and a0 defined by
u ≡ r
rg
, a0 ≡ arg , rg ≡
GM
c2
, (48)
we arrive at
νr =
c3(u3/2 − a0
√
ζ)
√
ζu2 − 6u + 8a0ζ3/2
√
u− 3a20ζ3
2piGMζ(u3 − a20ζ)u
,
(49)
νθ =
c3(u3/2 − a0
√
ζ)
√
ζu2 − 4a0ζ3/2
√
u + 3a20ζ
3
2piGMζ(u3 − a20ζ)u
.
Setting ζ = 1 these expressions reduce to the corre-
sponding expressions for the Kerr BH.
On confronting the observed ratio νU/νL = 3/2 most
workers in this field appeal to parametric resonance to
explain the observed ratio assuming that νθ/νr = n/2
and n ∈ N+. In almost all applications of parametric
resonance one considers the case n = 1 [58–61] where in
this case νr is the natural frequency of the system and νθ
is the parametric excitation (Tθ = 2Tr, the correspond-
ing periods), that is, the vertical oscillations supply en-
ergy to the radial oscillations causing resonance [61].
However, since always νθ > νr, it is neither possible to
have n = 1 nor n = 2 in the vicinity of the isco where
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it is thought that the resonance effects take place. The
next allowed choice is thus n = 3 by which νr becomes
the parametric excitation that supplies energy to the ver-
tical oscillations. In this work we work with the ansatz
νU = νθ , νL = νr along with νθ/νr = 3/2 (n = 3). Equa-
tion (49) yields(νU
νL
)2
=
ζu2 − 4a0ζ3/2
√
u + 3a20ζ
3
ζu2 − 6u + 8a0ζ3/2
√
u− 3a20ζ3
=
9
4
. (50)
Expressing u, where the 3/2 resonance occurs nearest
the isco, in terms of (a0, ζ) we obtain
u =
1
5ζ
[
27+ Z−
√
486+ 130a20ζ
4 − Y
X
− X + 9680a
2
0ζ
4
Z
]
,
X =
[
14348907− 5a20ζ4[4048137− 1259725a20ζ4 − 54925a40ζ8]
+ 24200a30ζ
6
√
12393− 23378a20ζ4 + 10985a40ζ8
]1/3
,
Y = 59049− 55530a20ζ4 + 4225a40ζ8,
Z =
√
243+ 65a20ζ
4 +
Y
X
+ X. (51)
For fixed a0 this provides a relation between the di-
mensionless parameter β0 (41) and the dimensionless
radius of the circle u where the 3/2 resonance occurs
nearest the isco. For the microquasar GRO J1655-40 we
take a0 = 0.70, which is the intermediate value (42), and
we plot u = r/rg in terms of β0 as shown in Fig. 7,
which an increasing function of β0 and concave down.
There is another increasing u(β0) branch but concave up
(not shown in Fig. 7) which provides higher values for
u. Such a branch is not favorable since we believe that
the resonance occurs nearest the isco. For the other two
microquasars (43) and (44) we have obtained similar in-
creasing u(β0) functions. Keeping only one branch of
u(β0), now to determine the unique values of (β0, u)
corresponding to the occurrence of the upper νU and
lower νL we solve the equation νU = observed value
(or the equation νL = observed value) for each micro-
quasar, where the observed values of (νU , νL) for the
three microquasars are given in (42), (43) and (44). For
the three microquasars taking (M, a0) to be the interme-
diate value given in (42), (43) and (44), we obtained
GRO J1655-40 : β0 = −0.254251, u = 4.1748,
XTE J1550-564 : β0 = −0.532673, u = 4.54216, (52)
GRS 1915+105 : β0 = 0.071347, u = 5.0168.
Recall that isco is defined byΩr(uisco) = 0 and these val-
ues of u are certainly higher than uisco [55] (see also [56,
57]). In Fig. 7, corresponding to the microquasar
GRO J1655-40, the point (β0, u) = (−0.254251, 4.1748),
where the lower νL = 300 Hz QPO and the upper
νU = 450 Hz QPO occur, is shown by the black spot.
Perfect curve fitting of the particle oscillation upper
and lower frequencies to the observed frequencies (in
Hz) for each microquasar are shown in Figs. 8, 9 and 10.
In the black plotss each microquasar is treated as a GUP-
modified Kerr BH given by (40) and taking the coordi-
nates of (β0, u) to be the values given in (52). Here u is
the dimensionless radius where the 3/2 resonance oc-
curs. In the red plots the microquasar is treated as a
Kerr BH β0 = 0 (ζ = 1). We see from these three fig-
ures that the black plots cross the mass error bands ex-
actly in the middle point. For the microquasars GRO
J1655-40 and XTE J1550-564, the red plots do not cross
the mass error bands, hence a description of the astro-
physical object by a Kerr BH fails to justify the occur-
rence of the 3/2 resonance. For the microquasar GRS
1915+105, however, the red plots also cross the mass er-
ror bands but at the rightmost points. Knowing that for
the microquasar GRS 1915+105 the mass error band is
the largest, this provides a mediocre curve fitting of the
particle oscillation upper and lower frequencies to the
observed frequencies.
Based on the previous analysis, we restrict the values
of β0 to lie between the smallest and largest values we
obtained above:
− 0.532673 . β0 . 0.071347
⇒ 0.965555 . ζ . 1.36302. (53)
Using the last result, we can determine the upper
bound of GUP restoring the Planck mass via β .
0.071347×M2/M2P. If we take the mass M = 14×M,
we find β . 1.15× 1077. Compared to the shadow case,
here we obtain a better constraint for β.
VI. CONCLUSIONS
In this paper we have studied the effect of the Gen-
eralised Uncertainty Principle (GUP) on the shadow
of GUP-modified Kerr black hole and the correspon-
dence between the shadow radius and the real part of
the quasinormal modes (QNMs). We have found that
the shadow curvature radius of the GUP-modfied Kerr
black hole is bigger compared to the Kerr vacuum solu-
tion and increases linearly monotonically with the in-
crease of the GUP parameter.Using the characteristic
points of intrinsic curvature of the shadow er have cal-
culated the angular size for these curvature radii of the
shadow. Using the EHT data for the M87*black hole we
have constraint the upper limit of the GUP parameter.
Within 2σ, we have the upper and lower limit of the
GUP parameter in terms of the interval 0 . β/M2 .
0.78.
Finally, we have explored the connection between the
shadow radius and the scalar/electromagnetic QNMs.
It is argued that this correspondence works well even
in the case of small l. This provides an interesting con-
nection between the experimental data of the shadow
and the detection of the gravity waves. Having the
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shadow radius one can estimate the value of the QNMs
frequency of a given black hole, or vice versa.
We have shown that describing the microquasars
GRO J1655-40, XTE J1550-564 and GRS 1915+105 as
GUP-modified Kerr BHs yields perfect curve fitting of
the particle oscillation upper and lower frequencies to
the observed frequencies provided we restrict the val-
ues of the correction dimensionless parameter β0 by
−0.532673 . β0 . 0.071347. These are very reasonable
bounds knowing that the metric of the GUP-modified
Kerr BH is a correction of the Kerr one where β0 should
lie in the vicinity of zero.
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